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The entropy of Hawking radiation is approximately equal to the maximum of entanglement en-
tropy if a black hole is in a state before the Page time, i.e., when the entropy of Hawking radiation
is smaller than the entropy of the black hole. However, if there exists a process generating smaller
entanglements rather than maximal entanglements, the entropy of Hawking radiation will become
smaller than the maximum of the entanglement entropy before the Page time. If this process accu-
mulates, even though the probability is small, the emitted radiation can eventually be distinguished
from the exactly thermal state. In this paper, we provide several interpretations of this phenomenon:
(1) information of the collapsed matter is emitted before the Page time, (2) there exists a firewall
or a non-local effect before the Page time, or (3) the statistical entropy is greater than the areal
entropy; a monster is formed. Our conclusion will help resolve the information loss paradox by
providing groundwork for further research.
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I. INTRODUCTION
The information loss paradox is an unresolved problem that contains the essential nature of the quantum
theory of gravity [1]. If we assume semi-classical general relativity and the unitarity of quantum mechanics,
then inconsistent conclusions follow [2]. Accordingly, we must further clarify the five assumptions as follows
[3]:
– A1. Unitarity: There is no loss of information from black hole formation to complete evaporation.
– A2. Local quantum field theory: The computation of Hawking radiation is consistent.
– A3. General relativity: Classical description is sufficient unless the curvature is larger than the Planck scale.
– A4. Bekenstein-Hawking entropy as statistical entropy: The Boltzmann entropy carried by a black hole is
expressed by A/4, where A denotes the horizon area.
– A5. The existence of an information observer : There exists an observer who can read and distinguish infor-
mation from Hawking radiation.
3These five assumptions cannot be consistent. In essence, either there exists an observer who can detect the
duplication of information [2] or the laws of entanglement entropy are violated [5].
The majority of candidate resolutions of the information loss paradox can be categorized by denying at least
one of the five assumptions [4]. These are outlined below:
– R1. Violation of unitarity: Information can be lost [1, 6].
– R2. Violation of the local quantum field theory: non-local interactions exist between inside and outside the
horizon [7].
– R3. Violation of general relativity: There may exist a membrane [8], a fuzzball [9], or a firewall [5] approximal
to the horizon.
– R4. Existence of monsters : Information can be retained by a small or large remnant [10]. Such a remnant
can be a type of baby universe [11].
– R5. Absence of an information observer : No (semi-classical) observer exists to read information from Hawking
radiation, and therefore, information is effectively lost [12].
In our discussion, our arguments strongly rely on the result of the Page curve [13]. According to [13], when
we consider a pure and random bipartite system (n and m are the number of states for each subsystem and
1≪ m ≤ n), the entanglement entropy, S, between two subsystems is approximated
S ≃ logm− m
2n
. (1)
Therefore, small subsystems are always approximately in the thermal state because the entanglement entropy
is essentially the same as the Boltzmann entropy [14], i.e.,
logm− S ≪ 1. (2)
This indicates that we cannot obtain distinguishable information from Hawking radiation if the number of
radiation states is sufficiently smaller than states of inside the black hole. If we apply this to an evaporating
black hole, then information can only be obtained after the Page time, i.e., the time when two subsystems have
the same number of states (m = n). After the Page time, the number of states outside the horizon becomes larger
than the number inside, and therefore, it is possible to read the information outside the horizon. Accordingly,
it is not surprising that many contradictory situations occur after the Page time [2, 5], which is the main focus
of many papers.
Contrastingly, in this paper, we examine events before the Page time. Before the Page time, the number of
states inside a black hole is dominated. As Hawking particles are emitted, the entanglements between the inside
and outside of a black hole linearly increase [15]. Furthermore, the increasing entanglement entropy takes on a
maximum value and, accordingly, the thermal nature is preserved. The problem remains, however, of whether
this phenomenon is a natural consequence. The assumptions for this are outlined below (Fig. 1) [16]:
4FIG. 1: Hawking radiation before the Page time. Blue dashed curves denote the boundary of entanglements. Step 1:
Due to assumptions A1 and A3, a particle-antiparticle pair is generated as a separable state. Step 2: The antiparticle
carrying negative energy falls into the horizon. Step 3 and Step 4: Due to assumptions A1 and A4, the negative energy
antiparticle should be unitarily annihilated (Credit: [16]).
– A1/A3 : A pair-creation of particles is a unitary process near the horizon and the background is nothing special
near the horizon. Hence, the pair-creation process is described by the creation of a separable state1.
– A2 : All interactions are local. Thus, after the antiparticles fall into the black hole, they only interact with
1 In this paper, we consider the creation of a particle-antiparticle pair (or the combination of many particles as a separable state),
where separable state refers to no entanglement between the previous particles (black hole or radiation) and the created particles;
however, of course, there must exist entanglements among the created particles.
5the degrees of freedom inside the black hole (and vice versa). Since there are no interactions between
inside and outside the horizon, to preserve maximum entanglements (following the Page argument), the
Hawking particles themselves must be maximally entangled.
– A1/A4 : After particle emission, the black hole area decreases. Hence, there should exist a unitary annihilation
process between antiparticles and the internal degrees of freedom. In other words, there exists a process
consisting of the annihilation of a separable state.
If these three key points are repeated, then one can explain the emission of particles, at least, before the Page
time [16].
In this paper, we examine whether these three key points are consistent with each other. If Hawking radiation
is dominated by free fields, then it is not surprising that Hawking radiation can be described by maximally
entangled pairs. However, if the field is interacting, processes more complicated than a single particle and
single antiparticle processes can exist. In addition, even though a particle-antiparticle pair is created with
maximum entanglements, if two pairs interact with each other, then it is possible for the maximum entanglement
assumption to be violated; accordingly, the two particles and two antiparticles are totally randomized. In turn,
this raises the problem of whether the Page curve is valid before the Page time. By using spin-1/2 toy models
[15–17], we demonstrate the possibility of this alongside various interpretations.
This paper is organized as follows. In Sec. II, we discuss several preliminary topics; in Sec. III, we examine
whether the field is interacting, from which the bias from the maximum entanglements can be accumulated; in
Sec. IV, we discuss the potential implications of our conclusion; and in Sec. V, we summarize the paper and
discuss possible future research directions.
II. PRELIMINARIES
A. Entropy increase due to Hawking radiation
First, let us consider a situation that the Hawking process creates a particle-antiparticle pair. If we only
impose the separable state condition, then maximum entanglements are not necessarily created. For example,
if we consider spin-1/2 particles, then there are four bases of the separable combinations:
|ℓ = 1, m = 1〉 = |↑〉 |↑〉 , (3)
|ℓ = 1, m = 0〉 = 1√
2
(|↑〉 |↓〉 + |↓〉 |↑〉 ) , (4)
|ℓ = 1, m = −1〉 = |↓〉 |↓〉 , (5)
|ℓ = 0, m = 0〉 = 1√
2
(|↑〉 |↓〉 − |↓〉 |↑〉 ) , (6)
where ℓ and m denote the quantum numbers of total states. The second and fourth bases are maximally entan-
gled states. This implies that if we choose a random particle-antiparticle pair, then maximum entanglements
are not guaranteed.
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FIG. 2: Left: S(A ∪ c1|B ∪ c2), where the interaction is only local. Right: S(A ∪ c1|B ∪ c2), where the interaction is
non-local. Horizontal lines are log 2, 2 log 2, 3 log 2, and 4 log 2 from bottom to top (Credit: [16]).
Let us assume that there is a bipartite system, where the subsystems are A (black hole) and B (radiation).
For this given A ∪ B system, a particle-antiparticle pair is created, acting as a separable and random state
(c1 ∪ c2); here, one (c1) falls into the horizon and the other (c2) remains outside. By assuming locality, A only
interacts with c1 and B only interacts with c2. Assuming A and B are initially in the random state, we can
examine the behavior of the entanglement entropy after c1 and c2 are created by using numerical simulations
with spin-1/2 systems, as shown in Fig. 2 (for mathematical details, see Appendix A) [16].
Let us assume that a black hole is in a state before the Page time and that N and M denote the number
of particles inside and outside the black hole, respectively. For this combination, the Page limit of the entropy
is S = logm = M log 2. Before we add the particles, the initial state approximately satisfies this limit (unless
N ∼ M). However, after we add c1 and c2, the entanglement entropy slightly increases (left of Fig. 2), which
can be attributed to the entanglement between c1 and c2; however, since c1 and c2 are not maximally entangled,
the system is not within the Page limit. In addition, even though we turn on the interactions between A ∪ c1
and B ∪ c2 (as an example, we used the swap operation; see Appendix B) the entanglement entropy between
A∪c1 and B∪c2 does not change. Alternatively, if we turn on interactions between A∪c1 and B∪c2 (non-local
interactions between inside and outside the horizon), the said entropy increases and approaches the Page limit
(right of Fig. 2).
This conclusion is not surprising because the Page limit condition (logm− S ≪ 1) implies a random state.
After we add c1 and c2, the total system cannot be random, unless, of course, c1 and c2 are sufficiently
random from the beginning (i.e., maximal entanglements) or unless there is a sufficient additional randomization
process between the inside and outside (i.e., non-local interactions). Accordingly, to ensure the Page limit and
the maximum entanglement condition take place before the Page time, either the Hawking process is always
concerned with maximum entanglements or there exists non-local interactions.
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FIG. 3: Left: Two pairs are maximally entangled, but these four particles can interact outside the horizon. Right: Four
particles are created from the vacuum and there is no reason to assume that two antiparticles are in the maximum
entanglements with two particles.
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FIG. 4: Randomization of two maximally entangled particle pairs, where the horizontal axis is the number of interactions.
B. Entanglements from particle pair-productions
In this section, we show that the Hawking process can include particle creations that are not maximally
entangled. If the process is dominated by a free field, then we have a good reason to believe that the said process
is dominated by maximally entangled pairs because we can explicitly construct the Israel-Hartle-Hawking state
[18]. However, if the fields can interact with each other, then the created particles may not carry the maximal
entanglements (Fig. 3).
For example, if two maximally entangled pairs can communicate outside the event horizon, then four particles
are randomized. Hence, two incoming particles and two outgoing particles cannot preserve the maximum
entanglements (left of Fig. 3). We imagine that there are two maximally entangled pairs (a-a′ and b-b′), the
8four particles of which interact via swap operations as time goes on (Fig. 4). As we calculate the entanglement
entropy of a or a ∪ b, from the beginning, the entropy is maximal (log 2 and 2 log 2, respectively), but as the
number of interactions increases, the entropy quickly decreases2. Therefore, if an interaction exists between
particles, it is reasonable to conclude that the entanglement entropy between incoming and outgoing particles is
less than the maximum value. Moreover, if quantum field theory allows four-particle creation from the vacuum,
then there is no reason to think that two incoming particles must be in maximum entanglement with the two
outgoing particles (right of Fig. 3). Unfortunately, it is beyond the scope of this paper to construct an exact
model for this; however, although such a phenomenon can be probabilistically suppressed, it is reasonable to
assume a process where in a vacuum creates randomly mixed states that are not maximum entanglements.
If one can accept this possibility, then the entanglement entropy contribution of the half of the randomized
four-particle system must be estimated, as well as the six-particle system, eight-particle system, and so on.
Moreover, if the number of particles is too small, then the Page’s approximated result might not be exact and,
accordingly, numerical evaluations are required to obtain accurate computations.
III. BIAS FROM THE PAGE CURVE
We used numerical simulations to estimate the entanglement entropy of the half of a randomly mixed two-,
four-, six-, or eight-particle system, the results of which are shown in Fig. 5. The left figures of Fig. 5 consist of
the entanglement entropy curves for a two-, four-, six-, and eight-particle system. By repeating the numerical
simulations, many curves were superposed. For each trial, we evaluated the half-way entanglement entropy
for a two-, four-, six-, and eight-particle system. This was s hown in the right figures of Fig. 5, from which it
is evident that an average value 〈S(A|B)〉 exists and the result is diversely distributed with a given standard
deviation σ. The numerical results are summarized in Table I.
Number of particles
Averaged half-way entanglement entropy
〈S(A|B)〉
Standard deviation
σ
2 0.3533 0.1781
4 0.9206 0.1062
6 1.5901 0.0628
8 2.2727 0.0309
TABLE I: The half-way entanglement entropy 〈S(A|B)〉 and the standard deviation σ.
Indeed, as the number of particles increases, the standard deviation decreases and the entropy reaches a
2 Note that from the maximal entanglement, if one only uses the swap operations, the final state may not be a totally randomized
state because the swap operation does not change the numerical value of the density matrix; rather, the operation only switches
each number. However, in realistic interactions, it is reasonable to assume that the numerical values can be changed; hence, it
is reasonable to conclude that the generic interactions will quickly and completely randomize maximally entangled pairs.
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FIG. 5: Left: Several trials of the Page curve for the two-particle (first), four-particle (second), six-particle (third), and
eight-particle (fourth line) systems. Right: Entanglement entropy for the half of the two-particle (first), four-particle
(second), six-particle (third), and eight-particle (fourth line) systems, where the red solid line indicates the average of
entanglement entropy and the red dashed lines indicate the standard deviations.
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FIG. 6: Entropy emissions for p1 = 0.5 (top) and 0.9 (bottom), where D ≃ 0.92. Black curves are S(A|B), red and
blue lines are Smax (if all processes are maximally entangled) and Smin (if all processes are four-particle creations),
respectively, pink lines are analytic fitting curves following Eq. (7), and green curves are numerical results of ∆I .
maximum. This means that if maximally entangled pairs interact with many particles, then the entanglement
entropy of the half of the total system will almost be the maximum possible value. Alternatively, if maximally
entangled particles interact only with a small number of particles, the deviation from the maximum entangle-
ment entropy cannot be negligible. Our results concerning the expectation values of entanglement entropy are
consistent with analytic computations by [19]; to be sure, the standard deviations by [19] are lightly different
because the analytic form is limited for cases with a large number of particles.
Using this numerical observation, we can now estimate the bias from the originally expected Page curve
before the Page time. This is approximated as follows: two processes exist, where one is the creation of a
maximally entangled pair and the other is the creation of randomly mixed four-particles. The probability of
the first process is p1 and that of the second process is p2, where p1 ≫ p2 and p1 + p2 = 1. From the first
process, for each step, the number of radiation states logm increases by log 2; simultaneously, the entanglement
entropy inside and outside also increases by log 2. Therefore, if p2 = 0, then logm−S ≃ 0 and the original Page
curve is confirmed. However, from the second process, for each step, the number of radiation states increases
by 2 log 2, because two particles are emitted; the entanglement entropy increases by D < 2 log 2, where the
numerical value of D is 0.9222 from the previous simulation. By changing p2, we can see the bias from the
11
original Page curve (Fig. 6).
From the numerical simulations (Fig. 6), it is evident that the bias from the original Page curve is indeed
proportional to logm. If the total number of events is N , the number of events of the two-particle process is
N1 = p1N , whereas that of the four-particle process is N2 = p2N . For each process of N1, the entanglement
entropy increases by log 2; for each process of N2, the entanglement entropy increases by D. The maximum
value of the increase in entanglement entropy is logm = N1 log 2+2N2 log 2 = N (p1+2p2) log 2. Alternatively,
the true entanglement entropy change is N1 log 2+N2D = N (p1 log 2+p2D). Therefore, the expected emission
of information is
∆I ≡ logm− S = (2 log 2−D)Np2 = (2 log 2−D) p2 logm
(p1 + 2p2) log 2
. (7)
This expectation is confirmed by comparing pink lines (analytic estimation) and green curves (numerical com-
putation) in Fig. 6. If p2 is too small, then the bias from the Page curve is negligible. However, if p2 is not
zero and logm is sufficiently large (i.e., of the order of logm ∼ p−12 ), there should be a detectable bias.
IV. POSSIBLE ALTERNATIVES
From the previous discussion, we can conclude that a bias exists from the Page curve if pair-created particles
are not maximally entangled with their counterparts. Even though the probability is not high, if a black hole
size is large enough, then the accumulated bias will not be negligible. This implies that the bias from the exact
thermal state before the Page time becomes
logm− S > 0. (8)
Accordingly, there must exist a distinguishable effect from Hawking radiation.
Then what is the physical meaning of this conclusion? In this section, we illustrate possible interpretations
and consequences.
A. Information emission before Page time
The possible first interpretation is that the relation logm − S > 0 implies that one can read information
from Hawking radiation before the Page time. Accordingly, the next natural question is as follows: what is the
origin of the emitted information? The first logical guess is that the emitted information concerns collapsed
matter. If this is true, then what follows?
We recall the thought experiments of the original version of black hole complementarity [20, 21]. As we
maintain assumptions A1-A5, the natural consequence is that the information is duplicated, where one copy is
inside the horizon (attached by the collapsed matter) and the other copy is outside the horizon (attached by
Hawking radiation). One can illustrate this as a simple thought experiment (Fig. 7) [20]. An entangled pair of
particles (a and b) is created and a falls into the black hole. After a falls into the black hole, the information
about a is sent to the outgoing direction as a message (red-dashed arrow). Meanwhile, the information about
12
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FIG. 7: A conceptual description of the duplication experiment.
a is emitted by h as Hawking radiation. The observer (black arrow) measures h and a; if the message was sent
between time ∆t, then the observer can see both h and a before touching the singularity, where ∆t can be
estimated as follows:
∆t ∼ exp− τ
M
, (9)
where τ denotes the time when h was emitted andM denotes the mass of the black hole. Finally, by comparing
with b, the observer can notice that a and h are indeed duplicated. If a signal could be sent with some
information, it should satisfy the uncertainty relation ∆E∆t ∼ 1. Hence, the required energy is approximately
∆E ∼ exp+ τ
M
. (10)
If ∆E > M , then this thought experiment is impossible because the necessary energy is larger than the mass of
the black hole itself [20]. Alternatively, if ∆E is sufficiently smaller thanM , then there is no principle to prevent
the duplication experiment; hence, the inconsistency of assumptions A1-A5 is revealed. Then, after a simple
computation, we can check that if the information is emitted before the scrambling time [22], ∼ M logM , an
observer who sees a duplication of information can exist, which violates the principle of quantum mechanics.
In our case, to see a bit of information (i.e., ∆I ∼ O(1)), the condition is
logmf ∼ 1
p2
, (11)
where mf denotes the required radiation degree of freedom to have ∆I ∼ O(1). Hence, as the probability of a
randomly mixed four-particle process (p2) decreases, we must wait for longer periods of time. Note that logmf
is related to the thermal entropy of the radiation:
logmf =
Ai −Af
4
= πM2i
(
1− M
2
f
M2i
)
, (12)
where Ai,f denotes the area of the horizon andMi,f denotes the mass of the black hole at initial and final states.
For simplification, let us define the ratio Mf/Mi ≡ x, which is less than one.
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Following the Stefan-Boltzmann law, the required time to see such a change in the mass is proportional to
M3; i.e.,
τ ∼M3i
(
1− x3) . (13)
Therefore, by comparing Eqs. (11) and (12), we obtain
τ ∼ Mi
p2
(
1− x3
1− x2
)
. (14)
If this has the same order of the scrambling time, we obtain two conditions:
M2i ∼
logMi
1− x3 , (15)
1
p2
(
1− x3
1− x2
)
∼ logMi. (16)
Therefore, x ≃ 1 is required and at the same time
p2 ∼ 1
logMi
(17)
is expected. Therefore, even though p2 is small enough, if p2 is not zero, then x and Mi exist, which allows
for the duplication experiment. This is not surprising because if x is small but M is large, then the emitted
number of states is also large, even though the time scale is relatively short (compared with the scrambling
time).
Therefore, if the emitted information concerns the collapsed matter, then one can see the duplication of
information. Of course, this conclusion is not acceptable. Therefore, the reasonable interpretation is that if
pair-created particles are not maximally entangled with their counterparts, then assumptions A1-A5 are not
consistent with each other, even before Page time.
B. Firewalls or non-local effects before the Page time
Another possible interpretation is to consider the violation of A2 or A3, i.e., applying non-local interactions
[7] or the firewall [5] (or any other kind of membrane [8]) before the Page time. Accordingly, whether such
membranes are required or whether the natural laws are violated before the Page time needs to be examined.
If a firewall (or any other kind of membrane) exists, its effect is naked in principle [23]. If any effects are
naked after the Page time, then there would not be any astrophysical evidence of them; however, if any effects
are naked before Page time, then evidence of them can be obtained by astrophysical experiments, e.g., from
gravitational wave observations. Recently, membranes approximal to the event horizon have been examined
using gravitational wave data [24]. Indeed, if the requisite evidence cannot be obtained from gravitational
wave experiments, then we can surely say that firewalls (or any other kind of membrane) are not the candidate
solution to the information loss paradox. Accordingly, we can say that astrophysical observations can confirm
non-local realizations of quantum gravity if the non-local effects happen before the Page time. We leave this
topic for future investigations.
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C. Formation of a monster
If we maintain A1, A2, and A3, then one may guess that A4 is violated. To explain how the violation of A4
can solve the inconsistency, we must discuss the information flow of a bipartite system [25].
Let us define again that there is a bipartite system, where A has the number of states, m, and the complement
part, B, has the number of states, n. The total number of states is Ω = n ×m. Accordingly, we can define
three kinds of information (S(A|B) is the entanglement entropy between A and B):
– Information of A: IA ≡ logm− S(A|B).
– Information of B: IB ≡ logn− S(B|A).
– Mutual information between A and B: IAB ≡ S(A|B) + S(B|A) − S(A ∪B).
If we assume that the total system is in a pure state, then S(A|B) = S(B|A) and S(A ∪B) = 0. Therefore,
IA + IB + IAB = lognm = logΩ. (18)
If the total number of states, Ω, is a constant, then the sum of three functions is a constant and accordingly,
the total information is preserved. However, even though Ω varies with time, total system can still be in a pure
state, and the evolution can still be unitary [26].
In this regard, even though IA = ∆I is greater than zero, if the total number of states is increased by the
same factor as ∆I, then IA does not concern the transferred information from B; rather, this would just be an
artifact due to the increase in the number of states (Fig. 8).
The left of Fig. 8 is the traditional Page curve and the right of Fig. 8 is the case when the total number of
states increases (gray colored region of the top). In this figure, the blue and red lines are meaningful because
they represent the areal entropy change of a black hole; in terms of the semi-classical description, the sum of the
thermal entropy of radiation and the areal entropy will be a constant. Accordingly, since the total number of
states increases, the same amount of the Boltzmann entropy must be accumulated inside (blue colored region),
which becomes greater than the areal entropy (blue line). As a result, even though large differences exist
between the radiation entropy and the entanglement entropy (green colored region), the radiation information
may not concern the collapsed matter (gray colored region of the bottom) but, rather, constitutes an effect
caused by the increase in the total number of states.
This apparently resolves a paradox, but it also requires that S(B) = logn is greater than the Bekenstein-
Hawking entropy; a monster is obtained. Such a difference in radiation information is negligible if the black
hole mass is large enough. However, the same process can be repeated many times. Let us consider the case
where a black hole evaporates from mass M to M ′, and that the statistical entropy is accumulated by ∆I.
Here, the amount of ∆I in itself might be small. However, by adding more matter to the black hole, we can
increase the mass of the black hole from M ′ to M . As we repeat the evaporation from M to M ′, the entropy
accumulation will be 2∆I. In principle, we can repeat this many times, which means that the statistical entropy
will unboundedly be larger than the Bekenstein-Hawking entropy. Accordingly, we can conclude that once we
allow a monster, the number of states inside a black hole can be unbounded in principle.
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FIG. 8: Left: Traditional Page curve, where the black dashed line is the total number of states, the blue line is the black
hole entropy, the red line is the radiation entropy, the green curve is the entanglement entropy, and the black dotted
curve is the information of radiation IA. Right: When the total number of states increases (gray colored region of the
top).
Of course, we will suffer from the traditional problems of the remnant picture [10, 27], which means that the
number of states may become unlimitedly large even though the areal size is finite. Then, it will bring difficult
theoretical problems once again.
V. CONCLUSION
In this paper, we investigated the particle emission process from a black hole using spin-1/2 toy models.
In doing so, the traditional consensus was that, before the Page time, Hawking radiation is generated by a
particle-antiparticle pair creation, where two particles are maximally entangled and form a separable state.
Alternatively, we considered a situation where two maximally entangled pairs interact with each other; or
where a separable four-particle system is created from a vacuum (Sec. II). Accordingly, it was assumed that
the infalling two particles are randomized with the outgoing two particles, which implies that the incoming
particles do not satisfy the maximum entanglement condition with the outgoing particles.
To the authors’ knowledge, there is no fundamental reason to abandon this possibility, although the prob-
ability can be less dominant. As time passes, the bias from the original Page curve before the Page time is
accumulated (Sec. III).
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Such a bias can be interpreted as the Hawking radiation not being in the thermal state, and hence, one can
obtain information from Hawking radiation. However, from a simple thought experiment (Sec. IVA), we can
prove that this interpretation results in a fatal inconsistency.
If it is not interpreted that the bias from the thermal state does not imply the emission of information of
the collapsed matter, then either semi-classical quantum field theory is incorrect (Sec. IVB) or else additional
states are accumulated inside the horizon (Sec. IVC); i.e., a monster is formed. If the monster forms before the
Page time, then it is possible to imagine that an unbounded number of states are accumulated inside a black
hole, which is theoretically unintuitive.
If a firewall (or non-local interactions) appears before the Page time, it is probable that such a radically new
effect can be confirmed or falsified by future astrophysical observations. At the first glimpse, it is fascinating
that astrophysical observations can test or falsify some hypothesis of quantum gravity. However, this conclusion
also implies that the information loss paradox is indeed worsened, since the paradox appears not only after but
also before the Page time.
If our three alternatives are not satisfactory, then the remaining alternative is that information is lost or,
at least, effectively lost [12]. Of course, this was beyond the scope of this paper and it was, therefore, left for
future research.
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Appendix A. Mathematical prescriptions of spin-1/2 systems
Quantum entanglements of a system are generally measured by the entanglement entropy of the system.
There are many different definitions of entanglement entropy, one of which is the von Neumann entropy. For
a system with the density matrix, ρ, the von Neumann entropy is defined by S(ρ) = −Tr ρ log ρ. The log of a
matrix can be calculated after diagonalizing the matrix, i.e.,
ρ→ U-1 ρU = D =


λ1
. . .
λr

 . (19)
Then,
S(ρ) = −Tr ρ log ρ = −
n∑
i=1
λi logλi. (20)
To calculate the entanglement entropy of a subsystem, we take partial trace of the density matrix of the total
system to obtain the density matrix of the subsystem. The total density matrix is, say, ρ = ρA
⊗
ρB; we are
interested in the entanglement entropy of ρA. Then,
ρA = TrB ρ, where ρA[i,j] =
dim(ρB)∑
k=1
ρ[i,j]
⊗
[k,k], (21)
and the entanglement entropy of ρA can be calculated same as above, S(A|B) = −Tr ρA log(ρA).
In this paper, we considered spin-1/2 systems. For a given n-particle system, the state can be expressed
by |Ψtotal〉 =
∑
i1...in
ci1...in |i1...in〉, (i=1 or 2, where 1 denotes spin up and 2 denotes spin down). The density
matrix of the total system is given by ρ = |Ψ〉〈Ψ| =∑i1...in,j1...jn ci1...inc∗j1...jn |i1...in〉〈j1...jn|. Then the entan-
glement entropy of this system can be calculated by following the process described above.
Appendix B. Details on the swap operation
To approximately describe the randomizing process, in Fig. 4, we introduced the swap operation. In doing so,
we consider two pairs of maximally entangled particles, namely, ρa∪a′ and ρb∪b′ . Therefore, the total number
of particles is four.
In the spin-1/2 particle system, we can define
|↑〉 =

1
0

 , |↓〉 =

0
1

 . (22)
Using the above definitions, we can create two maximally entangled states and their density matrices, ρa∪a′
and ρb∪b′ , where
ρa∪a′ =
1√
2
(|↑↓〉 ± |↓↑〉) , (23)
ρb∪b′ =
1√
2
(|↑↓〉 ± |↓↑〉) . (24)
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Hence, the total density matrix becomes
ρ = ρa∪a′ ⊗ ρb∪b′ . (25)
With regard to the signs of the spin combinations, there are four possible combinations of the total density
matrices; however, there are no significant differences in selecting any combination.
Then, we need to define the swap operator:
O(i∗,j∗) = SW i∗:j∗ρ ⊗ I, (26)
where I is an 24 × 24 identity matrix. For i∗, j∗ ∈ [i1, i24 ], the elements of SWρ become
SW i
∗:j∗
ρ [i, j] = δij if i, j 6= i∗, j∗, (27)
SW i
∗:j∗
ρ [i
∗, i∗] = SW i
∗:j∗
ρ [j
∗, j∗] = 0, (28)
SW i
∗:j∗
ρ [i
∗, j∗] = SW i
∗:j∗
ρ [j
∗, i∗] = 1, (29)
The physical meaning of this operation is to select and exchange an arbitrary row or column (i∗ and j∗,
respectively). Since we have defined a swap operator, we can use it to mix our total density matrix, ρ.
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